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1 Introduction 

By expressing the geometric realization of simplicial sets and cyclic sets as fil- 
tered colimits, Drinfeld [2J proved in a substantially simplified way the funda- 
mental facts that geometric realization preserves finite limits, and that the group 
of orientation-preserving homeomorphisms of the interval [0, 1] (resp. the circle 
R/Z) acts on the realization of a simplicial (resp. cyclic) set. In this paper, we first 
review Drinfeld's method and then introduce an analogous expression for the ge- 
ometric realization of dihedral sets. We also see how these expressions lead to a 
clarified description of subdivisions of simplicial, cyclic, and dihedral sets. 

1.1 Terminology and results 

Let A be the simplicial index category of the finite linearly ordered sets [n] = 
{0 < • • • < n}, n > 0, and order-preserving maps. By definition, a simpli- 
cial set is a contravariant functor X[— ] from A to the category Sets of sets. We 
write A[n][— ] for the standard simplicial n-simplexHomA( [—], [n]) and set A [n] = 
{(zo, . . . ,Zw) G [0, 1]"+^ I E/Lo^i = 1}' with the standard euclidean topology. 

Definition 1.1 (Miln or [5]) The geometric realization |X[— ]| of the simplicial set 
X[— ] is the colimit 

colimA[„][_]^x[-] 

where the index category is formed by simplicial maps from standard simplicial simplices 
to X[— ] and natural transformations. 
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We can construct |X[— ] | explicitly by 

n>0 

where X[n] is given the discrete topology and where ^ is the equivalence relation 
generated by the relation that identifies (x, 0*z) with {6*x, z) for every pair (x, z) G 
X[n] X A[m] and for every map Q : [m] — ^ [n] in A. However, we interchangably 
adopt any other space having the universal property of the colimit as a definition 
of |X[— ] |, since there are canonical isomorphisms between such spaces. 

Drinfeld [2J re-defined the geometric realization as a filtered colimit, showing 
that his definition is equivalent to Milnor's one. To introduce his expression, we 
first need to extend the simplicial set X[— ] to a contravariant functor X[— ] from 
the category A^jg of all finite linearly ordered sets. This process is explained in 
detail in section 2. We denote by J-" the set of all finite subsets of [0, 1], viewed as 
a category with morphisms being inclusions. For each F G we order the set of 
connected components ttq ( [0, 1] \ f ) by declaring that [x] < [y] if x < y G [0, 1] \ f . 
If f C G there is an order-preserving map 7ro([0, 1] \ G) — ^ 7ro([0, 1] \ f ). 

Theorem 1.1 (Drinfeld [2]) The geometric realization |X[— ] | of the simplicial set X[— ], 
as a set, is given by the colimit 

colimfe^X[7ro([0,l]\f)]. 

The point is that the index category is a filtering, so that it becomes clear 
that geometric realization, as a functor from the category of simplicial sets to 
Sets, preserves finite limits. This expression also makes it obvious that the group 
Homeo( [0, 1] , 9 [0, 1] ) of order-preserving homeomorphisms of [0, 1] acts on the set 
|X[— ] |. In fact, it gives a new proof of the following stronger statements, which 
were proved first by Gabriel-Zisman [^. Let K, be the category of fc-spaces (i.e., 
spaces with all compactly open subsets being open), and topologize the group 
Homeo([0, 1],9[0, 1]) by the subspace topology inHomx;([0, 1], [0, 1]) with the stan- 
dard ?c-space topology. Since A[n] is a fc-space for each n, |X[— ] | is also a fc-space. 
We say that an action by Homeo([0, 1],9[0, 1]) on the realization is continuous if 
themapHomeo([0, 1],9[0, 1]) x |X[— ]| — |X[— ]| is a continuous map of fc-spaces. 

Corollary 1.2 (Gabriel-Zisman Il3j) 1. Geometric realization, considered as a func- 
tor to JC, preserves finite limits. 
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2. The group Homeo( [0, 1] , 9 [0, 1] ) acts continuously on the realization of a simplicial 
set. 

A similar argument applies to cyclic sets introduced by Connes. Let AC be the 
category that makes the family {C„+i}„>o of cyclic groups of order n + 1 into a 
crossed simplicial group in the sense of Fiedorowicz-Loday. Recall: 

Definition 1.2 ([4]) A crossed simplicial group is a family of groups {G„}„>o to- 
gether with a category AG that has one object [n] for each n > 0, containing A as a 
subcategory, and satisfies the following conditions: 

1. The group of automorphisms AutAG['^] on each [n] is isomorphic to the group G°^. 

2. Every morphism [m] — [n] can be uniquely written as a composite (p o g with 
(p G HomA([m], [n]) and g G AutAG[^]- 

For a AG-set X[— ] (i.e. a contravariant functor from AG to Sets), we define its 
geometric realization to be the realization of the underlying simplicial set A°P ^ 

(AG)°P Sets. 

Cyclic sets are defined to be AC-sets. We construct AC as a category of Z-|_- 
categories after Drinfeld [2J. Here Z+ is the additive monoid of non-negative 
integers, and a Z-i- -category is a category C together with a nontrivial monoid 
map Z+ End^id^. I.e., there is a non-identity endomorphism Ic : c — ^ c on 
every object c G ob C such that f o'^ci = ° / for every / : ci — > C2. A Z_|_-functor 
(resp. isomorphism) is a functor (resp. isomorphism) between Z+ -categories that 
preserves the structural endomorphisms. 

The most basic example of a Z_|_-category is the circle R/Z. Morphisms from 
X to y are homotopy classes of continuous maps / : [0,1] — ^ R — ^ R/Z such 
that /(O) = X and /(I) = y, with [0, 1] ^ R non-decreasing and R R/Z the 
canonical projection. The Z+-category structure is given by Ix =(class of degree 
1 loops based at x). If f C R/ Z is a finite subset, the set of connected components 
7ro(R/Z \ F) can be considered as a Z-|--category. The set of morphisms from c to 
d is defined by choosing representatives Xc ^ c and x^ G d: 

Hom^p(R/z\f)(c,rf) = Hom]R/z(xc,Xd). 

If f C G there is a Z+-functor 7ro(R/Z \ G) ^ 7ro(R/Z \ f ). 

There is a way of constructing a Z-f -category ^cyc from a given small category 
A (H, Example 4 of section 2). In the particular case where A = {ao < • • • < 
is a linearly ordered set, viewed as a category, then ^cyc is the Z+-category 
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that has the same objects as A and that has morphisms generated by those in A 
together with one new generator fl„ — > Uq. The structural endomorphisms are 
given by la, '■ cii an % ^ cii- A = [n] then [n]cyc is identified with the full 
Z_|_ -subcategory 

{[0], [l/(n + 1)], . . . , [n/(n + 1)]} C R/Z, 

where [— ] denotes the class in R/Z. (For notational simplicity we will frequently 
omit such brackets.) If ^ = 7ro([0, 1] \ f) with f G containing or 1, then 
7ro([0,l] \ f)cyc is identified with 7ro(R/Z \ f ) where F = {[x] G R/Z | x G f }. 
We set AC (resp. A^igC) to be the category of the Z_|_-categories [n]cyc (resp. small 
Z+-categories isomorphic to some [n]cyc) and Z+-functors. 

We likewise extend the cyclic set X[— ] to a contravariant functor X[— ] from 
the extended category A^jgC, and write for the set of all finite subsets of R/Z, 
viewed as a filtered category. 

Theorem 1.3 (Drinfeld [2]) The geometric realization |X[— ] | of the cyclic set X[— ], as 
a set, is given by the filtered colimit 

colimfg^^/ X[7ro(R/Z \ f )]. 

In particular, the group Homeo"*" IR/ Z of orientation-preserving homeomorphisms of the 
circle R/Z acts continuously on |X[— ] |. 

We define AD to be the category whose set of objects is the same as that of 
AC, and whose set of morphisms from [m]cyc to [n]cyc is the disjoint union of the 
sets of covariant and contravariant Z^-functors from [m]cyc to [n]cyc. (Remarks: 
1. If C is a Z4- -category, the Z+-category structure on the opposite category C°P 
is given by Ic = (Ic)"^ for c G obC°P. 2. Considering the disjoint union means 
that a functor cannot be both covariant and contravariant. As a consequence, e.g. 
HomAD([0]cyc/ [0]cyc) has two elements: the identity id^j^y^ : [0]cyc ~^ [0]cyc as 
a covariant functor, and idjgj^y^ : [0]cyc ^ [0]cyc ^s a contravariant functor.) The 
composition in AD is defined by usual composition of functors, under the rule that 
the composite of two covariant or contravariant functors should be covariant, and 
the composite of covariant and contravariant functors should be contravariant. 

Let D„ denote the dihedral group of order 2n. We show that AD makes the 
family {D„+i}„>o into a crossed simplicial group. A Dihedral set is a AD-set 
X[— ], and there is a similar extension to a contravariant functor X[— ] from the 
extended category A^igD of Z+-categories isomorphic to some [n]cyc and covari- 
ant and contravariant Z 4. -functors. It is known that the geometric realization of a 
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dihedral set admits a continuous action by the orthogonal group 0(2). We prove 
the following new, stronger result: 

Theorem 1.4 The geometric realization |X[— ] | of the dihedral set X[— ], as a set, is given 
by the filtered colimit 

colimfg_^X[7ro(]R/Z \ f )]. 

In particular, the group HomeolR/Z of all homeomorphisms of the circle R/Z acts 
continuously on |X[— ]|. 

For every positive integer r, Bokstedt-Hsiang-Madsen |fT| defined an operation 
called the r-fold edgewise subdivision of simplicial or cyclic sets. We denote 
by sdrX[— ] the r-fold edgewise subdivision of the simplicial or cyclic set X[— ], 
whose definition is recalled in section 3. Write J> and J-"/ for the set of finite 
subsets of [0, r] and R/ rZ, respectively. We introduce the following expression for 
subdivisions, which gives a new natural proof of the result by Bokstedt-Hsiang- 
Madsen [IJ that |X[— ] I and jsd^ X[— ] | are canonically homeomorphic. 

Theorem 1.5 For the simplicial (resp. cyclic) set X[—], |sdrX[— ]| is given by the filtered 
colimit 

colimfe7-.X[7ro([0,r]\f)] 

(resp. colimf gj-/ X[no{K/rZ \ F)]) 

and hence admits an action by Gr = Homeo([0, r],9[0, r]) (resp. Gr = Homeo^R/rZ). 
In particular, the bijection [0,r] — ^ [0,1] (resp. 'R/rZ — ^ K/'Z) given by x \—> x/r in- 
duces isomorphisms Dy : |sd^X[— ]| — ^ |X[— ]| anddr : Gr —> G = Homeo([0, 1],3[0, 1]) 
(resp. dr : Gr ^ G = Homeo^ R/rZ) such that the diagram 

G, x|sd,X[-]| > |sd,X[-]| 

dr X Dr Dr 

Gx\X[-]\ > \X[-]\ 

commutes. 

For dihedral sets, Spalihski f7] defined two types of subdivision operations, 
sd^ and sd^. In his definition, both operations assign to a dihedral set X[— ] a 
simplicial set. We re-define in section 3 sdr X[— ] and sd^ X[— ] to have the richer 
structures of a A^D-set and a A2rD-set, respectively. Here A^D is the category that 
makes {D^(-„_|_;^)}„>o into a crossed simplicial group. 
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Theorem 1.6 For the dihedral set X[—], \sdr X[—] \ (resp. \sdf X[— ] |) is given by the 
filtered colimit 

colimpgj-; X[7ro(R/rZ \ f )] 
(resp. colimfgj-2^X[7ro(]R/2rZ\f)]) 

and hence admits an action by Gy = HomeoR/rZ (resp. Gf = Homeo]R/2rZ). In 
particular, the bijection 'R/r'Z. — ^ R/Z (resp. 'R/lr'Z. — > R/Z) given by x i— > x/r 
(resp. X I— ^ x/{2r)) induces isomorphisms Dy : \sdrX[—]\ —> |X[— ]| (resp. Df : 
|sd^X[-]| \X[-]\) and dy : Gy ^ G = HomeoR/Z (resp. df : Gf ^ G = 
HomeoR/Z) such that the diagram 



Gr X |sdrX[— " 
G X |X[-]| 



|sd,X[- 



\X\ 



{resp. Gr X |sd^X[- 



|sd^X[- 



G X |X[- 



commutes. 



Finally, we explain how sd^ X[— ] admits simplicial actions by Dy and Cr, and 
hence defines simplicial sets (sd^ X[— ])^' and (sd^ X[— J)*-', respectively, and see 
that the latter one again has the structure of a dihedral set. 



2 Drinf eld's method 

In this section we review Drinfeld's results (|i2|) on the realization of simplicial 
sets and cyclic sets. 



2.1 Simplicial sets 

Let X[-] : A°P Sets be a simplicial set. We extend X[-] to X[-] : A°f Sets 
as follows. For every object A = {ag < ■ ■ ■ < of A^ig, there is a unique 
isomorphism [n] that sends flf to i. We define X[A] = X[card A — 1] and 
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X[f] — X\f], where f : A ^ B isa map in A^ig and / is the unique map in A that 
makes the following diagram commute: 

A [ml 



B [n] 

We note that if ] is another extension, i.e. a functor A^?^ Sets that is iden- 
tical to X[— ] on A°P, then there exists a unique natural isomorphism k : X[—] 
X'[—] such that k |a"p= idx[-] • For instance, the extension A[n] [—] of the standard 
simplicial n-simplex is identified with the functor A ^ Hom/<^^^^(A, [n]). 

We topologize the filtered colimit colimjr ej- X[7ro( [0, 1] \ f )] by the metric d de- 
fined as follows. For every F ^ F, we write for the measure on 7ro( [0, 1] \ F) de- 
fined by ^f(A) = X]ceA(l6ngth of c). Take two elements of colimfgjrX[7ro([0, 1] \ 
F)]. Since is a filtering, we may assume these two be represented by elements 
u and V of X[7ro([0, 1] \ F)] with some common F ^ J^. (We have to check that the 
following definition is independent of the choice of such an F. See below.) We de- 
fine the distance of the two elements to be the minimum of (7ro([0, 1] \ F) \A) 
with respect to subsets A of 7ro( [0, 1] \ F) such that 

(*) the map X[7ro([0, 1] \ F)] — X[A] takes u and v to an identical element. 
(If there does not exist such an A, we set the distance to be 1.) 

Well-definedness of d. Suppose Fjl F' C [0,1] and let u' and v' G X[7ro([0,l] \ 
F')] be the images of u and v G X[7ro([0, 1] \ F)]. We write dp for the distance 
defined by using F and dp for the one by F' . We have to show that dp{u,v) = 
dpi{u',v'). For an A' c 7ro([0,l] \ F') satisfying (*), we set A — {[x] \ x e 
[0, 1], [x]' e A'} c 7ro([0, 1] \ F), where [-] and [-]' denotes the class in 7ro([0, 1] \ 
F) and 7ro([0, 1] \ F'), respectively. Then there is a canonical map a' : A' ^ A, 
[x]' ^ [x], and we have (7ro([0, 1] \ F) \ A) < (7ro([0, 1] \ F') \ A'). We also 
choose a map a : A ^ A' that takes [x] to [y]' if [x] = [y] and [y]' G A'. Then, since 
a' oa = id A, the map X[a'] is injective. As the diagram 

X[7ro([0,l]\F)] > X[no{[OA]\F')] 



X[A] -^-^ X[A'] 

X\a'] 
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commutes, the images oi u, v G X[7ro([0, 1] \ f)] in X[A] are sent by X[a'] to 
the images of u' and v' in X[A'], which are assumed to be identical. The injec- 
tivity deduces that A satisfies (*), and thus we have dp{u,v) < ^f(7ro([0, 1] \ 
F)\A) < (7ro([0,l] \ F') \ A'), for every A' satisfying (*). Hence rff < 
dp{u',v'). Conversely, if A C 7ro([0,l] \ f ) satisfies (*), then A' = {[x]' \ [x] G 
A} C 7ro([0,l] \ F') is a subset such that (*) holds and }Ip{71q{[Q,1] \ F') \ A') = 

(^o([0, 1] \F) \ A). This implies the inequality in the opposite direction, and 
we obtain = dp/{u',v'). 

Let us also verify that d is really a metric. By definition, d is symmetric and 
takes non-negative values. If d{u,v) = (7ro([0, 1] \ f ) \ A) =0 then A must be 
the whole 7ro([0, 1] \ F). This means that u and v are identical in X[7ro([0, 1] \ f )] = 
X [A] . We have left to check the triangle inequality Take u, v, and w G X [ ttq ( [0, 1] \ 
f)], and suppose d{u,v) = (7ro([0, 1] \ f ) \ A) and d{v,w) = (7ro([0, 1] \ F)\ 
B). (If there does not exist A or B satisfying (*), then d{u,v) + d{v,w) is equal 
to or larger than 1, whereas d{u,w) is always equal to or smaller than 1. Hence 
we are done.) Note, in general, that }If{7Iq{[0,1] \ F) \ A) + ^f(7ro([0, 1] \ f ) \ 
B) > f/f(7ro([0,l]\f)\(AnB)). If ARB = 0, then ^F(7ro([0, 1] \ f ) \ A) + 
pip{no{[0,l]\F)\B) > ^f(7ro([0,l] \f) \ (A n B)) = 1> d{u,w) and we are 
done. Suppose A n B 7^ 0. The map X[7ro([0,l] \ f)] X[A] (resp. X[no{[OA] \ 
F)] — > X[B]) takes u and v (resp. v and iv) to an identical element in X[A] (resp. 
X[B]). Since the diagram 

AnB > A 



B y no{[0,l]\F) 

commutes, the map X[7ro([0, 1] \ f)] X[A n B] tales u and v (resp. v and w) 
to an identical element in X[A n B]. Hence the images of u and iv coincide in 
X[AnB],sothatrf(M,w) < ^F(7ro([0, 1] \ f ) \ (AnB)) < (7ro([0, 1] \ f ) \ A) + 
liF{no{[0,l]\F)\B) = d{u,v) +d{v,w). 

□ 

Theorem 2.1 (Drinfeld [T]) There is a canonical homeomorphism 

|XHI ^colimfe^X[7ro([0,l]\f)]. 

(Proof) We note that there is a homeomorphism between A[n] and Sim" = 
{{xi,...,Xn) G [0,1]" I xi < ••• < x„} given by A[n] Sim", (zo,---,2„) 
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(zo,zo + zi,. . .,Zo H h z„_i), and Sim" A[n], (xi,...,x„) {xi,X2-Xi, 

. . . ,x„ — x„_i, 1 — x„). In turn, the set Sim" can be written as the filtered col- 

imit colimfgjr A[n] [7ro([0, 1] \ f )] by identifying x = G Sim" with the 

piecewise constant function /" : [0,1] — > [n] defined by /"(x) = zforx, < x < x/_|_i 
(we set xq = and = 1). Since X[— ] = colim^[„]|_]^x[-] M^] [~]' have 

|X[-]| = colimA[„][_]^xH^M 

A colimA[„j[_]^x[-]Mimfe^A[n][7ro([0,l] \f)]) 

A colimfg_^(colimA[„][_]^x[-]^M[7ro([0,l] \f)]) 
4colimfe^X[7ro([0,l]\f)]. 

(Here ^ stands for the canonical set bijections.) Thus we have obtained a con- 
tinuous bijection |X[— ] | ^ colim^ £j-X[7ro([0, 1] \ f )] (the continuity is proved as 
Lemma [2.21 below). The target space is Hausdorff as its topology comes from a 
metric. Moreover, if X[— ] is a finite simplicial set (i.e. has only finitely many non- 
degenerate simplices), then |X[— ] | is compact (it is a quotient of the finite disjoint 
union of simplices A[n] with one A[n] for each non-degenerate n-simplex of X[— ]), 
so that this bijection should be a homeomorphism in this case. This implies the 
statement for general X[— ], since X[— ] is the colimit of its finite simplicial subsets. 

■ 

Lemma 2.2 Thebijedion |X[— ]| — ^ colimfgjrX[7ro([0, 1] \f)] is continuous. 

( Proof ) It saffices to show that for every index A [n] [— ] — X[— ], the map Sim" 

colimfe_^(colim^[^][_]^x[-]^M[7^^o([0,l] \f)],x = (xi,...,x„) ^ (class of /") G 

A[n] [7ro([0, 1] \ {xi, . . . , x„})] satisfies the following: 

For any e > 0, there exists some ^ > such that for any x = (xi,. . .,Xn),y = 
(i/i,. . . ,yn) £ Sim", if d'{x,y) < S then d{f^,fy) < e, where d'{x,y) is the standard 
euclidean metric. 

Let f = {xi, . . . ,Xn,yi, . . ■ ,yn} and denote by A the subset of /To([0, 1] \ f ) 
formed by the classes of those points x G [0, 1] such that/''(x) and /^(x) coincide. 

Then the images of /" and by the map A[n] [7ro([0, 1] \ f )] A[n] [A] are iden- 
tical, so that dif'jy) < }iF{no{[0,l] \F)\ By construction, /''(x) ^ fy{x) 
happens only if x is in {xi,yi) or {yi,Xi) for some i. This implies that /^f (7ro([0, 1] \ 
f ) \ ^) < L/Lil^! ~yi\ ^ ^d'{x,y), and tells that we may wish to take S = e/n. 
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Proof of Corollary 11.21 

Proof of claim 1 . We prove this in several steps. 



Step 1. The canonical map 

\A[m][-] X A[n][-]\ |AH[-]| x |A[n][-]| 
is a homeomorphism. 

By the theorem, this map is a continuous bijection, with the target space Haus- 
dorff. Moreover, the domain space is compact since A[m] [—] x A[n] [—] is a finite 
simplicial set. Thus the claim follows. 

Step 2. Geometric realization preserves finite products. 

We use Step 1 and the properties of the categories Sets^°^ of simplicial sets and 
IC of fc-spaces that product commutes with colimits. Notice also that the singular 
set functor K, — ^ Sets^"^ that assigns to a fc-space its singular simplicial set is a 
right adjoint functor to the geometric realization functor, and hence geometric 
realization commutes with colimits. Let X[— ] and Y[— ] be simplicial sets. Then 
we have 

\X[-] xy[-]| ^ |(colimA[„,][_]^x[-]A[m][-]) x (colimA[„][_]^y[_] A[n][-])| 

^ |colimA[^][_]^x[-](^^^^"^A[n][-]^Y[-](^N[-] X 
^colimA[^][_]^x[-](colim^[„][_]^y[_j(|A[m][-] x A[n] [-]])) 

^ colimA[„,][_]^x[-](colim^[„][_]^Y[_](|A[m][-]| x |A[n] [-]])) 

4 (colimA[„,,][_]^x[-] A[m]) x (colimA[„][_]^y[_] A[n]) 
= \X[-]\ X \Y[-]\, 

with ^ standing for the canonical A:-space homeomorphisms. 
Step 3. Geometric realization preserves finite limits. 

As every finite limit can be written as an equalizer of finite products, it suffices, 
by Step 2, to show that geometric realization preserves an equalizer diagram of 
simplicial sets X[-] Y[-] =^ Z[-]. By the theorem, |X[-]| |y[-]| =r |Z[-]| 
is an equalizer in Sets. Moreover, the topology of |X[— ] | coincides with the sub- 
space topology in ] |, since the metric on |X[— ] | is identical to the restriction 
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of the metric on |y[— ] | to the subspace |X[— ]| c ]|. This completes the proof. 

Proof of claim 2 . An orientation preserving homeomorphism a : [0, 1] — ^ [0, 1] 
gives rise to an isomorphism of linearly ordered sets a.p : ttq ( [0, 1] \ F) — >■ tiq ( [0, 1] \ 
(X.{F)) for every f G J^. The action by a 

p,: |X[-]| =coliinfej-X[7To([0,l]\F)] ^colimfej-X[7ro([0,l]\F)] 

is given by o in^ = in^(f) oX[fl;p"^]. If we express X[— ] as colun^[„][_]^x[-] ^W, 
the isomorphism X[ap^] : X[no{[0,l] \ F)] = colimA[„][_]^x[-] [7ro([0, 1] \ 
F)] ^ colimA[„]H^xH^][^o([0,l] \^v(F))] = X[7ro([0,l] \ ^(F))] is given by 

themaps A[n][7ro([0,l] \F)] A[n] [7ro([0, 1] \'^{F))], one for each index A[n] [-] 
X[-], that take a map / : 7ro([0, 1] \ F) ^ [n] to the map / o a"^ : 7ro([0, 1] \ 
a;(F)) [n\. Note that if F = {xi, . . . and / = f^, where x = (xi, . . . ,x„) G 
Sim", then /oa~^ = y«x -x«:W Thus, in the expression |X[— ]| = colim^[„][_]_^x[-] 
Sim", the action ppc is obtained by taking x = (xi, . . . , x„) G Sim" to a x • • • x 
a(x) G Sim" for every A [n][-] -)> X[-]. 

We wish to show that the map ^ : Homeo([0, 1],9[0, 1]) x colim^j„jj_]^x[-] Sim" 
colim^[„][_]_^x[-] Sim" is continuous. Since, by adjunction, product commutes 
with colimits in /C, it suffices to show that the map Homeo( [0, 1], 9[0, 1] ) x Sim" — )■ 
Sim", (a, x) i— >■ a x • • • x a(x), is continuous for every index A[n][— ] X[— ]. 
Again by adjunction, thinking of this map is equivalent to considering the map 
Homeo([0, 1], 9[0, 1]) Homx;(Sim",Sim"), a h- )■ a x • • • x a |sim'^/ whose conti- 
nuity is proved as the following lemma. 

□ 

Lemma 2.3 The map fin Homeo([0, 1],3[0, 1]) — )• Homjc(Sim",Sim"), a i-)- a x 
■ ■ ■ ^ I Sim"/ continuous with respect to the standard k-space topologies on both sides. 

( Proof ) Remember that the subbasis of the target space is given by the subsets 
N{h, U) = {f : Sim" Sim" | f{h{K)) C U} where h : K ^ Sim" is a continu- 
ous map from a compact Hausdorff space K and where U is an open set of Sim". 
Hence it suffices to show that fi~^N(h, U) is open in Homeo([0, 1],9[0, 1]). To this 
end, we fix an arbitrary a E pi~^N{h, U) and will show that there is an open neigh- 
bourhood N{a) of a in Homeo([0,l],a[0,l]) suchtahtN(a) C }i-'^N{h,U). Since 
U C Sim" is open, for every x G h{K), there exists a positive real number such 
that = {y G Sim" | \y — //„(a;)(x)| < e^} is contained in U. We take a smaller 
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ball B'x = {y & Sim" | \y — ^„(fl;)(x)| < Sx/n} in B", and put Bx = /^w(a) ^(B'^) n 
h(K). Then {Bx}xeh{K) forms an open cover for h(K). A compactness argument 
tells us that we can choose finite x^^\ x^'^ e h{K) such that h{K) — uj+i B^o). 
If denotes the closure of Bx in h{K), we also have h{K) — B^u)- Note that 

Bx is compact (because it is a closed set in a compact set). We let ix : Bx ^ 

h{K) — )• Sim" be the inclusion, and consider for every i = l,...,n and ; = 
l,...,Z,thesetN'(p,-oy,.),p,.(B;(^.))) = {/3 G Homeo([0, l],a[0, 1]) | [iipriBj^)) C 
Pi{B'^f^j^)}, where pi : Sim" — ^ [0,1] is the projection onto the z-th component. 
Then N'{pi o z^(y), p,(B^(y))) is an open set in Homeo([0, 1],3[0, 1]) containing a. 
We also have r\i<i<n,i<i<i 

N'{p,oi^(,),p^{B[,.^)) c }i~\N{h,U)). Indeed, let /5 
be in the left-hand side and take x G h{K) arbitrarily. Then there is some ; such 
that X = {xi,...,Xn) G B^(j). For every 1 <i< n, we have jS(/?;(x)) = j6(x;) G 
C {yi e [0,1] I \yi-pi{Mo^){^^^))\ < ^ence, \M^){x) - 

/^n(«)(x0-))|2 ^ i:«^^(/3(x,) -«(xP))2 < LUiii)/n' = el,,/n < e],,. There- 
fore we see //„(j6)(x) G B^y^ c ii. This implies G fi~^{N{h, U)). Thus we take 
^(^*^) = r\i<i<n,i<i<l ^'{Pi ° ^xO)' Vii^'xd)))' obtaining the desired conclusion. ■ 



2.2 Cyclic sets 

Let X[— ] : (AC)°P — )• Sets be a cyclic set. We choose one isomorphism z,^ : A — )■ 
[m;v]cyc for each A G ob A^igC. (We let = id;v if A G ob AC.) We extend the cyclic 
set X[— ] to a functor X[— ] : (AbigC)°P — )■ Sets, by defining on objects X[A] = 
X[inx\cyc and on morphisms X[f] — X[f] : X[m^]cyc X[nix\cyc, where f : X ^ }i 
is a map in A^igC and / is the unique map in AC that makes the following diagram 



commute: 



A 



[wA]cyc 



}iicyc 



For example, if X[— ] is the standard cyclic set A[n] [— ] = HomAc([^]/ [w]cyc)/ the 
extension A[n] [— ] is given by A i— )■ Hom^^^ci^f ['^Icyc)- 

If X'[— ] is another extension, i.e. a functor (AbigC)°P — )- Sets that is identical to 
X[— ] on ( AC) °P, then there exists a unique natural isomorphism K : X[— ] — )■ X'[— ] 
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such that K I (Ac)°p= • Indeed, if k is such a natural isomorphism then there 

is a commutative diagram 

X(A) X'(A) 



X'iiA) 



eye 

for each A G ob(AbigC)°P. This forces k( A) = X'[ix] o [X{ix)]-'^. 

Proof of Theorem 11.31 Remember that the realization of X[— ] is the realization 
of the underlying simplicial set X | ^op [— ]. This means 

|X[-] I = colimf (X]li) [7ro([0, 1] \ f )]. 

Here (X | aop) [— ] is the extension of X | ^op [— ] to A^fg/ which equals the restriction 

X l^op [-] of X[-] to A°P along with the functor A°P (AbigC)°P, A ^ Aye- 

Since it makes no change on the colimit to take into account only those F contain- 
ing and 1, we have 

|X[-]| = colimfepX[7ro([0,l] \f)cyc] 
^ colimo4efejrX[7ro([0, 1] \ f ) 

eye J 

4 colimo4efe^X[7ro(IR/Z \ f )] 
4 colimoefe^/ X[7ro(R/Z \ f )] 
4 colimf X[no(R/Z \ f )], 

where ^ are the canonical set bijections. We remark that the distance of u and 
V G X[7ro(lR/Z \ f )], coming from the metric on |X[— ]| = |X l^op [— ]| via 
the bijections above, is given by the minimum of }i'p{7Tq(K/Z \ F) \ A), where 
fi'p is a similar measure on ttq^K/Z \ F), and where A runs through subsets of 
7ro(R/Z \ f ) such that the map X[7ro(]R/Z \ f )] X[A] takes u and v to an 
identical element. 

The construction of the action by Homeo"*" R/Z is analogous to Corollary II .21 
2. To prove its continuity, we need a lemma. 
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Lemma 2.4 The geometric realization of the standard cyclic set A[n] [—] is given by the 
space Sim"y(, of points {xq, . . ., x„) of (R/Z)"+^ such that XQ,...,Xn are in the correct 
cyclic order. 

(Proof) WehaveabijectionSim^yc colimfe^/ A[n] [7ro(]R/Z\f)] = |A[n][-]| 
under which a point x = {xq, . . . ,Xn) G Sim"y^ corresponds to the piecewise con- 
stant function /" : R/Z — > [n]cyc that takes the constant value z/(n + 1) on the 
arc from x/ to G R/Z. The metric on |A[n][— ]| described above makes it 
possible to apply an argument analogous to the proof of Lemma 12.21 to proving 
that this bijection is continuous. Since the domain space is compact and the target 
Hausdorff, the claim follows. ■ 

If we express the cyclic set X[— ] as X[— ] = colimy^|„]|„]_^x[-] [~]' the realiza- 
tion is given by |X[-]| = colim^[„][_]^x[-]l^["H-]l = colim^[„][_]^x[-]Sim;?yc, 
since geometric realization commutes with colimits by adjunction. Then the ac- 
tion by oc G Homeo^ R/Z is given by taking x G Sim^y^, to a; x • • • x a;(x) G Sim"y(,. 
Hence the continuity of this action is equivalent to the continuity of the map 
Homeo+ R/Z Homx;(S im"y(,,Sim"y(,), a i— ^ a x • • • x a ^, which is proved 
in a similar way to Lemma |23l 

□ 



3 The geometric realization of dihedral sets 

We first show that AD is the correct dihedral index category. 

Proposition 3.1 The category AD makes the family {D„_|_i}„>o into a crossed simplicial 
group. 

( Proof ) We have to check conditions 1 and 2 of Definition 11.21 
1. For each n > 0, define Z_|_ -functors 

Tn : [njcyc )■ \n\cyc 
•■ [w]cyc [?^]cyc 

by T„(x) = l/(n + 1) + X and a;„(x) = —1/ (n + 1) — x, respectivey. Then t„ and 
LiOn are isomorphisms in AD on [n]cyc of order n + 1 and 2, respectively, and satisfy 
the relation T„a;„ = a;„T~ . In addition, any ^ G AutAD[ 

n]cyc can be written as 
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a product of t„ and cOn- Indeed, if (p is covariant, then (p G AutAc['^]cyc = (tm) is 
a power of Tn- If is contravariant, then ^ o 0;^ is covariant, and so a power of 
Tn- Hence AutAD['^]cyc is generated by t„ and cOn- This means that AutAD[w]cyc = 
{Tn,C0n \ T^^^ = o;^ = 1, TnCOyi = <^n'^n^) is the dihedral group of order 2(n + 1). 

2. Let (p : [m]cyc — ^ [?^]cyc be a map in AD. If ^ is a covariant functor, then 
(p G HomAc(['^]cyc/ ['^Icyc)/ SO that it can be uniquely written as (p = tp o g with xp 
being a map in A and g G AutAc['^]cyc C AutAD['^]cyc- If (p is contravariant, then 
we can uniquely write cp o co^ G HomAc(['^]cyc/ ['^Icyc) as a composite ^ o a;^ = 
tp o g with 1/7 in A and g G AutAc['^]cyc- Multiplication by cOm on the right yields 

(p = tpo go COm with g o COm G AutAD [^]cyc- ■ 

The dihedral set X[— ] is extended uniquely up to unique isomorphism to 
X[— ] : AbigD — )• Sets in the exactly same way as the procedure in subsection 
2.2, except that the map / can be a contravariant one. The extension of the stan- 
dard dihedral set HomAD([~]/ ['^Icyc) is given by A 1— > HomAygD('^/ ['^Icyc)- 

Proof of Theorem 11.41 By definition, |X[— ]| is the realization of the underlying 
cyclic set X | (ac)"? [~] • Hence we have 

= \X |(AC)op [-]| =colimfejr,(x'^op)[7ro(R/Z\f)]. 

The extension (X |(ac)°p)[~] ^ I(ac)°p [~] to (AbigC)°P is nothing but the re- 
striction X I (Ai,igC)°p [~] ^[~] to (AbigC)°P, so that we see 

|X[-]| = colimpe^^X |(A^^^c)op [7ro(]R/Z\f)] = colimf^^, X[7ro(]R/Z \ f )]. 

Any homeomorphism of R/Z, even an orientation-reversing one, gives rise to 
an isomorphism |Oct : |X[— ]| \ defined by 

where ocp : 7ro(]R/Z \ F) — ^ ttq^K/Z \ a;(F)) is the covariant or contravariant Z-|_- 
isomorphim induced by a. Thus HomeoR/Z acts on |X[— ]|, and the proof of 
the continuity is as follows, being analogous to the cyclic case. First we identify, 
by using the metric on |X[— ] | described in the same way as in the proof of The- 
orem [L3l the realization of the standard dihedral set HomAD([~]/ ['^Icyc) with the 
space Sim||jj^ of points {xq, . . . , x„) of R/Z"+^ such that XQ,...,Xn or x„, . . . , xq 
are in the correct cyclic order. Then we check that the map HomeoR/Z — > 
Hom;(;(Sim[jjj^,Simjjj^), a 1— )• a x • • • x a Isim^jj, i^ continuous. 

□ 
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4 Subdivisions 



4.1 Simplicial sets and cyclic sets 

Let X[— ] be a simplicial set. For every positive integer r, let sd^ : A ^ A be 
the functor defined on objects by sdy[n] = [r(n + 1) — 1] and on morphisms by 
sdr[f]{a{m + 1) + h) = a{n + 1) + f{h), where f : [m] ^ [n], < a < r, and 
< b < m. The composite sdr X[—] = X[—] o sdr, which is again a simplicial set, 
is defined to be the r-fold edgewise subdivision of X[— ]. 

If X[— ] is a cyclic set, its subdivisions are defined analogously, but they are not 
cyclic sets but A^C-sets. The category A^C, for each r, is defined to make the fam- 
ily {Q(n+i)}«>o into a crossed simplicial group, by using the Z+-category R/rZ 
instead of R/Z. Denote by [n]r the subset (considered as a Z_|- -subcategory) 
{[k + l/{n + l)] \ <k <r,0 <l <n} of R/rZ. We define A,C to have as objects 
the Z_|_ -categories [n]r C R/rZ, n > 0, and to have as morphisms from [m]r to 
[n]r, Z+-functors satisfying f{x + 1) = f{x) + 1. The simplicial index category A 
is embedded into A^C via the functor that sends [n] to [n]r and / : [m] — > [n] to 
fr : [m]r 3k + l/{m + l) ^ k + f{l) / {m + 1) G [n],. 

Let sdr : A^C — ^ AC be the functor that is defined on objects by sdr[n];- = 
[r{n + 1) — l]cyc arid on morphisms by sdr[f] = p^^ ° f ° Pm '■ [T{m + 1) — l]cyc ~^ 
[r{n + 1) — l]cyc/ where / : [m\r — > [n]^ is a map in A^C and pm and pn are the set 
bijections from [m\r to [r{m + 1) — l]cyc/ and from [n]r to [r{n + 1) — l]cyc/ respec- 
tively, induced by the isomorphism p : R/rZ — > R/Z, x i— > x/r. This functor 
is an extension of the subdivision functor for simplicial sets, in the sense that the 
diagram 

ArC AC 



commutes. The r-fold edgewise subdivision sdr X[— ] of the cyclic set X[— ] is de- 
fined to be the composite X[— ] o sd^. 

Proof of Theorem 11.51 

Case of simplicial sets. By Drinfeld's formula for simplicial sets, we have 

|sd,X[-]| =colimfe^sd;X[7ro([0,l]\F)]. 
For each f G J", let Fr denote the finite set {n + x | < n < r, x G f U {0, 1}} C 



16 



[0, r]. If n is the cardinality of 7ro([0, 1] \ f ), then that of 7ro([0, r] \ f,-) is rn. In this 

case we have sdrx[7ro( [0,1] \f)] =sd,X[n-l] = X[rn-l] = X[7ro([0,r] \ f,)] 
by construction. Therefore the realization of the subdivision can be rewritten as 

|sd,X[-]| =colimFe^X[7ro([0,r]\f,)]. 

Now we compare the index categories of the colimits colimf£jrX[7To([0, r] \ 
f,-)] and colimfgjr X[7ro([0, r] \ f)]. For every f G J> there exists a set f ' G J-" 
such that f C (f Or- Indeed, {x G [0, 1] | n + x G F for some < n < r} C [0, 1] 
is such a set. This means that the subcategory of J> consisting of subsets in [0, r] 
of the form Fr with F G ^ is cofinal, whence we obtain the expression of the state- 
ment. 



Case of cyclic sets. In general, it can be likewise proved that the geometric re- 
alization of a A^C-set Y[— ] is given by 

colimf y[7ro(]R/rZ\F)], 

where F runs through finite subsets of ]R/rZ suth that card 7To(]R/rZ) = r{n + 
1), n > 0, and where y[— ] is the extension of y[— ] to the category A^^igC of 
Z+-categories isomorphic to some [n]r, that has as morphisms from A to B, Z+- 
functors / such that there exists a map /' in A,.C such that the diagram 



A [ml 



/ 



B [n]r 

commutes, where ij^ and are chosen isomorphisms. Thus |sd^ ^[— ] I is the col- 
imit 

colimf sd^ X[7To(]R/rZ \ F)], 
which can be deformed into the desired form in a similar way to the previous case. 

□ 



4.2 Dihedral sets 

Define the category A^D to have the same set of objects as A^C, and to have as mor- 
phisms CO variant Z+ -functors / satisfying / (x + l)=/(x) + l and contra variant 
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Z^-functors g satisfying g{x + 1) = g{x) — 1. This category contains as subcate- 
gories ArC and, in particular, A. We notice that if we write 

Tr,n ■ [n]r ^ [n]r 
^r,n ■■ [n\r^ [n]r 

for the isomorphisms in AyD given by Tr,^/(x) = l/(n + 1) + x and C0r^n{x) = 
— l/(n + 1) — X, respectively, for each n, then they satisfy the relations T^'^lf^^^ = 
cOyy, = l,Tr^n<^r,n = (^r,n'C^n- Moreover, an argument analogous to Proposition 
13.11 shows that A^D is generated by Tr,n, <^r,n, and fr with / in A. Therefore A^D 
makes {Dr{n+\)}n>Q into a crossed simplicial group. We also note that AyD has 
a presentation described as follows. If : [n — 1] ^ [n] and : [n + 1] — > [n], 
< i < n, denote the face and degeneracy operators in A, then AyD is generated 
by d],, s\, Ty^n, and O0r,n, subject to the relations: 

(S-1) 44 = 44"^ (;■ < 

(S-2) s|.si = sr^4 {i < i) 

UWy-^ ii<i) 

(S-3) s'yd'y = h (z =y,y-i) 
[dlr's^ ii<j-i) 

(D-1) a;2„ = 4"+^) = 1 

(D-2) Ty^nCOy^n = <^r,nT^n 

(SD-1) CjOr,nd\ = dy~'cOr^„-i (0 < i < n) 

(SD-2) <x)r^ns\ = s"~'a;^^„+i (0 < z < n) 

(SD-3) Tr,ndi = 



(SD-4) Tr,nS 



d^+'^T 1 
■^r '-r,n — l 


^ n) 




(z = n) 


c' + l-r 

'■r,n+l 


{i ^ n) 


.0^-2 


{i = n) 
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The extended category A^ bigD, and the extension of a A^D-set y[—] to y[— ] : 
(A^bigD)°P — > Sets are defined likewise. The geometric realization of the A^D-set 
y[— ] is given by 

colimFy[7ro(R/rZ\f)], 

where F runs through finite subsets of R/rZ suth that card 7Zo(K/ rZ) = r(n + 1), 
n > 0. 

Let X[— ] be a dihedral set. For each r, the dihedral subdivision functor sd^ : 
ArD — ^ AD is constructed in the same way as the cyclic subdivision functor. 

Definition 4.1 We define sdr X[-] to be the AyD-set X[-] o sdr : (A,D)°P Sets. 

Remark. Spalihski [7J defined sdrX[— ] to be the r-fold edgewise subdivision of 
the underlying simplicial set X |aop [— ]• Our definition is compatible with Spal- 
ihski's one since we have the following commutative diagram: 

(A,D)0P (AD)°P i4 Sets 



Aop ^ A°P Sets 

4.2.1 Combination with Quillen-Segal's edgewise subdivision 

Spalihski [7J introduced another subdivision sd^ X[— ] of the dihedral set X[— ], for 
each r > 1, combining sd^ with Quillen-Segal's subdivision functor sd*^ defined 
in [|6l. The functor sd^ : A — ^ A is given on objects by sd*^[n] = [2n + 1], and on 
morphisms by sd'^[/] = where / : [m] — > [n] is a map in A and : [2m + 1] — ?■ 
[2n + 1] is the map defined by f{k) = f{k) and f{2m + l-k) = 2n + 1 - f{k) 
for < k < m. In Spalihski's definition, sd^X[— ] is the composite X j^op [— ] o 
sdr o sd*^ of the underlying simplicial set of X[— ] with sdr and sd*^. 

In fact, sd^ X[— ] can be defined as a A2rD-set as follows. Let sd^ : A2rD ArD 
be the functor that is given on objects by sd^[n]2r = [2n + l]r and on morphisms 
by sd^[T2r,„] = Tr,2M+i/ sd^[a;2r,«] = cvr,2n+v and sd^[/2r] = fr, where f : [m] ^ 
[n] is a map in A and : [2m + l\r — ^ [2n + 1]^ is the map sending 1/ {2{m + 
1)) to /(/)/(2(n + 1)) and -l/(2(m + 1)) - //(2(m + 1)) to -l/(2(n + 1)) - 
/(/)/(2(n + 1)) forO < / < m. 

Definition 4.2 We define sd^ X[-] to he the A2rD-set X[-] o sdr o sd^ : (A2rD)°P 
Sets. 
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Remark. The diagram 



A2,D ADr 



A 



■> A 



commutes, and in view of this our definition of sd^ X[- 
of Spalihski [7J. 

The proof of Theorem II .61 is similar to Theorem II .51 



is compatible with that 



4.2.2 Simplicial actions on subdivisions 

Consider the subgroup of AutA2,.D['^]2r generated by T^yX^'^^ and <x)2r,n, which is 
identified with the dihedral group Dy. Let / : [m] — > [n] be a map in A and 

consider the images '^'^^n+i' ^r,in+\, and ff, of T2/"^^'', co2r,n, and f2r, respectively, 
by the functor sd^. Then the diagram 

2(m+l) 

[2m + l]r > [2m + l]r 

[2n + l]r ^^"'""^'""^) [2n + l]r 

commutes . Indeed, for < I < m, we have for instance f^{cOr2m+i{W (2(m + 
1)))) = /;(-l/(2(m + 1)) - Z/(2(m + 1))) = -l/(2(n + 1)) - /(0/(2(n + 1)), 
and a;,,2„+i(/;a/(2(m + l))) = a;,,2n+i(/(0/(2(n + 1))) = -l/(2(n + 1)) - 
/(/)/ (2(n + 1)). This means that Dy C AutA2j?^]2r acts on sd^X[— ] simplicially, 
so that it is possible to define a simplicial set by [n] i— (sd^ X[n] We also note 
that the action of C Aut^j,. [^^ ] 2?- on | sd^ X [ — ] | is nothing but the action obtained 
by using the action of HomeoR/2rZ in Theorem 11.61 and by identifying with 
the subgroup of HomeoR/2rZ generated by t : x x + 2 and co : x —x. 
We give a new proof to the following result of Spalihski 0: 

Proposition 4.1 There is a canonical homeomorphism from |(sd^X[— ])^'| to (|X[— ]|)^''. 



(Proof) The left-hand-side is given by the colimit colimf£jr(sd^ X[7ro([0, 1] \ 
f)])°'-. Ifx G |sd^X[-]| = colimfe^sd^X[7ro([0,l] \ f)] is represented by an 
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element of (sd^X[7ro([0, 1] \ f)]) '' with some f G J", then x is fixed by the Dy- 
action on |sd^ ] I- The converse also holds. Indeed, suppose x G |sd^ ^[~] I to 

be represented by y G sd^ X[7ro([0, 1] \ f )] and to be fixed by the D^-action. Then 
for any 5 G D^, there is a larger subset G C [0, 1] containing F such that the images 

of y and 5 - ym sd^ X[7ro( [0, 1] \ G)] coincides. Then x is represented by this com- 
mon element z G sd^ X[7ro([0, 1] \ G)], and z is fixed by the action of Dr, i.e. z G 
(sdp^[7ro([0,l] \ G)])^ Therefore |(sd^ X[-])^^ | = colimfejr(sdfx[7ro([0, 1] \ 
F)])Dr = (colimfej-sd^X[7ro([0,l] XF)])^-- = (|sd^X[-]|)^^ Finally, the canoni- 
cal homeomorphism from |sd^ ] I to |X[— ] |, which preserves the appropreate 
actions on both sides, concludes the proof. ■ 

We can also consider a simplicial action by the cyclic group {'^2rn^'^^) — O C 
AutA2r[^]2r by restricting the action by Dy. It is proved likewise that the realiza- 
tion of (sd^ X [—])'-'' is canonically homeomorphic to that of X[— ]. Moreover, in 
this case the simplicial set (sd^ X[— ])'^'^ has an extra structure. Indeed, t^^^j and 

co2r,n Satisfy (Tf,^„)"+^ = = 1 and Tl^^^C02r,n = ^^2r,ni^Zr,n)~^ ^u (sd^X[n])^^ 
Hence, (sd^ X[— j)*-'^ is again a dihedral set. 



References 

[1] M. Bokstedt, W. C. Hsiang, and I. Madsen, The cyclotomic trace and algebraic 
K-theory of spaces, Invent, math. Ill (1993), 465-540. 

[2] V. G. Drinfeld, On the notion of geometric realization, Mosc. Math. J., 4:3 (2004), 
619-626. 

[3] P. Gabriel and M. Zisman, Calculus of fractions and homotopy theory, Ergebnisse 
der Mathematik und ihrer Grenzgebiete, Band 35 Springer- Verlag, New York, 
1967. 

[4] J.-L. Loday, Cyclic homology, Grundlehren der mathematischen Wis- 
senschaften, vol. 301, Springer- Verlag, New York, 1971. 

[5] J. Milnor, The geometric realization of a semi-simplicial complex. Arm. of Math. (2), 
vol. 65 (1957), no. 2, 357-362. 

[6] G. Segal, Configuration-spaces and iterated loop-spaces. Invent, math. 21 (1973) 
213-221. 



21 



[7] J. Spalinski, Homotopy theory of dihedral and quaternionic sets, Topology 39 (2000) 
557-572. 



22 



